Abstract: ErbB overexpression is linked to carcinogenesis. It is hypothsied that this is due to increased receptor density and receptor clustering, leading to increased receptor dimerisation and activation. Herein, spatial stochastic simulations have been performed to shed light receptor dimerisation processes. First, ligandindependent homodimerisation, is considered, based upon constitutive oligomerisation estimates (14%) in A431 cells that overexpress EGFR.
region, a hydrophobic transmembrane domain and a cytoplasmic tyrosine kinase domain [1] . However, ErbB2 has no known ligand and ErbB3 has impaired kinase activity. Upon ligand binding, EGFR, ErbB3 and ErbB4 are thought to undergo a conformational change that leads to the formation of homodimers (i.e. EGFR-EGFR) and heterodimers (i.e. EGFR-ErbB2) [2] . Dimer formation is considered to be a critical event, since it leads to kinase activation and transautophosphorylation of tyrosine residues in receptor cytoplasmic tails. These phosphorylated tyrosines in turn provide scaffolds for various cytoplasmic signalling proteins [2] .
In this study, we first focus on the EGFR, whose overexpression results in aberrant signalling [3] [4] [5] [6] and is associated with tumours of bladder, brain, breast, colon, lung and ovary [3, 7, 8] . Numerous studies have shown that EGFR dimerisation occurs in various cell lines in the absence of exogenous ligand [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Several reports have demonstrated that autocrine production of ligands can complicate these estimates [19, 20] . Martin-Fernandez et al, [21] estimated that 14% of EGFR were in oligomers when A431 cells were treated with antibodies that block ligand binding. We began our study with this estimate. We then explored the hypothesis that the primary factor driving ligand-independent signalling at high density is the fluctuation of EGFR conformation. This hypothesis arose from recent crystallographic studies showing that the extracellular domain of EGFR has two conformations [22] [23] [24] [25] . The tethered (closed) conformation is likely to be the predominant state, with a small percentage in the extended (open) conformation that is stabilised by ligand binding. The open conformation is estimated to bind EGF 5-20 times more strongly than the closed conformational state [26] .
Using an agent-based computational model, we consider the possibility that, during the brief intervals that EGFR assumes the 'open' conformation, it should be competent to form a transient dimer if it encounters another open receptor. We also consider the potential impact of ErbB receptor clustering [13, 27, 28] and anomalous diffusion [29] on the rates of homo and heterodimerisation. Although molecular diffusion is usually simulated as Brownian motion, membrane molecules have been shown to undergo nonBrownian motion or hop diffusion [29] [30] [31] . Distinct 'slow' and 'fast' diffusion coefficients have been observed using high-resolution single-particle tracking methods [32, 33] . One explanation for anomalous diffusion is transient confinement within lipid rafts or protein islands, which may be bounded by cytoskeletal elements [30, [34] [35] [36] . Different compositions of membrane subdomains were suggested by our observation that there is partial segregation of ErbB family members when immunolocalised on native membrane sheets prepared from SKBR3 breast cancer cells [28] .
Our computational framework is an agent-based, stochastic approach for modelling cellular processes in three dimensions [the signalling pathways simulator (SPS)]. Receptor diffusion is explicitly simulated within the 2D surface representing the plasma membrane, capturing both individual molecule behaviour and molecular interactions. The plasma membrane can be furthered defined by subdomains, such as protein islands or lipid rafts, setting up a mechanism for receptor clustering. This versatile framework is used to investigate mechanisms of receptor dimerisation and activation as functions of time and receptor conformation, density and spatial distribution. The spatial model predicts significantly different receptor dimerisation patterns from those derived in well-mixed models [37] .
Materials and methods

Description of agent-based simulator
SPS is a 3D, discrete-time, agent-based simulator for studying signal transduction. The program is implemented in C þþ and compiled under Linux. The geometry of the model includes a plasma membrane represented by a 2D Cartesian plane with continuous values. The size of the simulated membrane is 2 mm 2 , which represents �1/628 of the total area of a typical epithelial cell membrane. It has a periodic boundary, so when a receptor leaves the confines of the simulated membrane, its position is reset such that it re-enters on the opposite side. It is bounded on the interior side by a 3D volume representing the cytoplasm. Ligands in the extracellular space are simulated as a single concentration. Species in the membrane and cytosol are represented by particles (agents) with specific properties. Particles move at each time step, and if a particle's movement brings it into a reaction region of one of its neighbours, the possibility of interaction is checked (Fig. 1) . Not every encounter between diffusing molecules Figure 1 Flow chart of the SPS approach for CBM and agent reactions is productive; interactions are assigned specific probabilities based upon known or estimated binding and dissociation rates. When interactions do occur, changes in the state and behaviour of both of the interacting particles are tracked. The modularised design of the simulator is implemented by a built-in, expandable function table, which contains all reactions and diffusion behaviour that individual agents can perform (see appendix).
The typical reactions in SPS simulations are unimolecular reactions (e.g. dissociation) and bimolecular reactions (e.g. binding, dimerisation). SPS computes the probabilities of reactions by a modified Gillespie approach. In Gillespie's algorithm, reaction probabilities are calculated based on stochastic reaction constants [38] . A limitation of the Gillespie's algorithm is that it only studies time behaviour of a spatially homogeneous or well-mixed chemical system. Therefore we introduced a distance factor into Gillespie's equation to account for cell surface heterogeneousity. This factor is a function of distance between any two molecules and is derived from data fitting to the results of stochastic simulations of molecular collision rates. Probabilities of reactions are computed by multiplying the distance factor by the reaction-limited rate constants as shown in (8) - (14) . The reaction-limited rate constants were approximated by multiplying the diffusion-limited reaction rate constants by an adjustment factor. The adjustment factor was approximated by fitting the well-mixed chemical system to our agent-based spatially heterogeneous model. Our algorithm also accounts for molecular collisions between diffusing, sphere-like particles that are neglected in Brownian motion. The algorithm is a Constrained Brownian Motion (CBM) approach and has been validated by comparison with ordinary different equations (ODE) solution. Details of both the distance factor and CMB algorithms are found in the appendix.
Experimental measurements
2.2.1 Flow cytometry to quantify surface expression: A431 and SKBR3 cells were cultured as in [12, 28] . Cells were detached with Tris-EDTA/PBS (Sigma), Q1 then labelled at 48C in suspension with saturating amounts of FITC-conjugated monoclonal antibodies against EGFR, ErbB2 or ErbB3 [28] . Calibration beads (Quantum Simply Cellular, Banglabs) were incubated in parallel with FITC-labelled antibody. After PBS rinses, samples were analysed by flow cytometry and receptor density determined based upon the calibration curve generated from the fluorescence value of the beads.
Cell treatments and western blotting analysis:
Cells were incubated for 3 h in serum-free medium with or without batimastat or blocking antibodies, followed by lysis in ice cold 1% NP-40 buffer (150 mM NaCl, 50 mM Tris/HCl pH 7.2 with protease inhibitors). Neutralising antibodies to TGFa were from R&D Systems Inc. (Minneapolis, MN) and EGFR blocking antibodies C225 Q1 were from Lab Vision (Fremont, CA). Batimastat was a kind gift of Paul McGuire, UNM. Protein concentrations in clarified lysates were measured using the BCA protein assay Q1 (Pierce, Rockford, IL). Supernatants were mixed with 6� sample buffer, heated prior to SDS-PAGE and electrophoretically transferred to nitrocellulose. Membranes were blocked and sequentially probed with primary and HRP-conjugated secondary antibodies. Panreactive EGFR antibodies were from Santa Cruz (La Jolla, CA) and phosphotyrosine-specific ErbB antibodies were from cell signalling (Beverly, MA). Specific immunoreactive bands were detected by enhanced chemiluminescence (Pierce) and the intensity of individual bands digitally analysed following densitometry.
2.2.3 Preparation of plasma membrane sheets and gold labelling for Transmission electron microscope (TEM): Methods for labelling ErbBs on membrane sheets are described in Yang et al. [28] . In brief, cells were grown on glass coverslips, treated as described, then fixed in 0.5% PFA for 10 min. Coverslips were inverted onto EM grids (glow-discharged, formvar and poly-L-lysine coated) and ripped to leave plasma membranes on the grid, cytoplasmic face up. Grids were fixed in 2% PFA for 20 min, and then incubated sequentially with primary antibodies and gold-conjugated secondary reagents. Membrane sheets were post-fixed with 2% glutaraldehyde, stained with tannic acid and examined using a Hitachi H-7500 TEM equipped with a 6.8 megapixel digital camera. A customised plugin for ImageJ was used to acquire positions of gold particles and clustering was analysed using the Hopkins spatial statistic [39] .
Results
Experimental evidence for ligandless signalling by EGFR
One goal of this work was to explore the concept that the infrequent 'opening' of resting receptors could expose the dimerisation domain long enough to promote dimer formation between two unoccupied receptors. We further hypothesised that, under conditions of high receptor density, this property would translate to significant levels of dimer formation and signal initiation in the absence of ligand.
As an initial condition, we needed a reliable measure of the number of preformed dimers in cells expressing defined levels of receptors. We chose to model the data reported by MartinFernandez et al. [21] , since their methods controlled for autocrine stimulation and avoided the potential complications of chemical crosslinkers. Their study focused on the A431 cell line, which expresses over 4 million EGFRs, and arrived at an estimate that 14% of unoccupied receptors were in oligomers. We used western blotting methods to confirm that a measurable fraction of EGFR are active (phosphorylated on tyrosine 1173) in A431 cells treated with several different reagents to block autocrine signalling. Fig. 2a reports a significant ratio of tyrosine phosphorylated receptor to total receptors (PY/total of 0.65) in serum-starved A431 cells. Treatment with the metalloprotease inhibitor batimastat (to prevent shedding of the EGFR ligand, TGFa) or with anti-TGFa antibodies (to block binding to EGFR [40] ) lowers the PY/total ratio to about 0.4. Treatment with C225 anti-EGFR antibodies (that block all ligand binding) also lowers the PY/total ratio to 0.4. Treatment with the EGFR kinase inhibitor, PD153035, lowers the PY/total ratio to below 0.1. The difference between blocked receptors (PY/total ratio of 0.4) and kinase inhibitortreated receptors (PY/total ratio of 0.1) likely represents signalling from unoccupied EGFR dimers. It should be noted that these ratios cannot be considered as absolute values, because the specific binding properties of the two antibodies used in the procedure cannot be evaluated.
Electron microscopy images in Fig. 2b report the nanoscale spatial distribution of EGFR on membrane sheets produced using the 'rip-flip' technique [41] from serum-starved A431 cells. The left image in Fig. 2b shows that EGFR are highly clustered on these membranes, with approximately 200 gold particles labelling EGFR per square micron. The image at right shows that there is almost a 4-fold increase in EGFR label on membranes after batimastat treatment, presumably because TGFa is prevented from shedding off the cell surface and triggering receptor internalisation. Data averaged from multiple images is reported in the graph in Fig. 2b . The graph ligandless signalling by EGFR a Western blots show that EGFR phosphorylation in 'resting' A431 cells results from a combination of autocrine and ligand-independent stimulation. A431 cells were serum starved for 4 h, with or without treatments indicated. Lysates were harvested for SDS-PAGE and separated proteins transferred to nicrocellulose, followed by probing with antibodies to PY1173 or total EGFR. Bands were quantified by densitometry and plotted as ratios of PY1173/total EGFR b TEM images of fixed membrane sheets prepared from untreated (serum-starved) or batimastat A431 cells (40 mM batimastat dose was used), followed by immunogold labelling to document clustering of EGFR c Cell treatments were the same as in (b), but sheets were immunogold labelled with anti-PY1173 antibodies also shows that batimastat-treated cells remain responsive to addition of exogenous EGF, as evidenced by the loss of label on the membrane through receptor endocytosis. The inset in Fig. 2b reports results of the Hopkins test for clustering of EGFR in A431 cells, assuring that EGFR distributions are statistically non-random [39] .
Membrane sheets from untreated (serum-starved) and batimastat-treated cells were also labelled with phosphospecific antibodies to tyrosine 1173 in the EGFR cytoplasmic tail (Fig. 2c) . The labelling efficiency of the sheet technique varies (typically from 50% to 70%). Importantly, the image at right in Fig. 2c shows that some phosphorylated EGFR are detectible in the plasma membranes of A431 cells even after autocrine signalling is blocked.
3.1.1 Estimation of the probability of EGFRs conformational flux: We used stochastic simulations to predict the probabilities that unoccupied receptors would need to flux between conformational states, dimerisationcompetent conformation in A431 cells, in order to arrive at Martin-Fernandez' value of 14% dimers at steady state. Based upon a value of 4 million receptors/cell, the simulated cell membrane area of 2 mm 2 contained 6368 EGFR particles. Simulated EGFR Q1 diffuse at 0.09 mm 2 /s, a diffusion coefficient determined from FRAP measurements that represent an average of all receptor movements (D. Lidke, unpublished results). We used a time step of 25 ms and simulations covered 0-3 min time intervals; identical results were obtained in simulations with shorter time steps of 1 ms. The dimerisation rate used is 10 22 (nM � s) 21 and the dissociation rate is 10 22 s 21 [37] . The flux of receptors between open and closed conformations was simulated by an internal variable assigned to the particle agents representing EGFR. Every 1 ms particles in the open conformation change to the closed conformation with a probability (P c ), whereas 'closed' particles open with a probability, 1 2 P c .
Hence, if we ignore dimerisation in the simulation, each receptor would have a 1 2 P c probability of being in the open conformation. In our model, when an 'open' particle encounters another 'open' particle, they form a transient dimer with the probability corresponding to the reaction rate of dimerisation [(8)- (14), (20) and (24) in the appendix]. The transient dimer may dissociate later with an assigned probability [ (21) and (24) in the appendix] and the dissociated particles have the ability to flip between the open and closed conformation again. Conformationally, closed particles have no ability to react with others. Fig. 3a shows the results of simulations where we varied the value for P c and determined the fraction of EGFRs in dimeric form. Our model predicts that, in A431 cells, each 'closed' EGFR would need to flux to the dimerisationcompetent open conformation with a probability equals to 0.016 to arrive at a steady-state level of ligand-independent dimers of 14% (Fig. 3a , dotted line intercepting the x-axis). Under this condition, P c equals to 0.984, which means every 'open' EGFR monomer has a 98.4% chance to become 'closed' every millisecond.
Effect of EGFR expression level on dimer
formation between unoccupied, conformationally fluxing receptors: We next tested the hypothesis that receptor density is a principal factor that enables formation of measurable amounts of active homodimers in the absence of ligands. In the next set of simulations, we varied the surface density of receptors to include 160, 320, 480, 640 and 796 particles in the 2 mm 2 simulated area. This covers a range from 100 000 to 500 000 EGFRs per cell. Simulations were performed for 3 min of diffusion/reaction and the fractions of EGFR in homodimers at a steady state were plotted. As shown in receptor density. Importantly, the simulations predict that homodimers between unoccupied receptors would be very low at densities that might be typical of many normal cells (,50 000).
3.1.3 Clustering increases the number of unoccupied EGFR homodimers and revises the estimate of the probabilities of receptors conformational flux: To this point, we have considered dimer formation among diffusing receptors that are randomly distributed in the plasma membrane and that diffuse at a uniform rate of 0.09 mm 2 /s. However, as shown in Fig. 2b , resting EGFRs are highly clustered on the A431 cell surface. Our working hypothesis is that this clustering reflects transient residency of diffusing receptors in membrane microdomains. In our previous work, plasma membranes of multiple cell types were shown to have distinct topographical features, including the preferential distribution of membrane proteins in dark areas of membrane referred to as 'protein islands' [36] . Islands were shown to be heterogeneous in protein content and rich in cholesterol. Depending on the cell type and activation state, these membrane microdomains range in size from 50 to 300 nm 2 , occupy 25-30% of the membrane and are irregular in shape. Based on this information, we subdivided the simulated plasma membrane into subdomains, using rectangles to simplify the representation of protein islands [36] (Fig. 4a) . The remainder of the simulated cell membrane was considered to be lipidenriched, protein-poor regions.
We next established simulation parameters that result in receptor clustering even as receptors continue to diffuse at each time step, implementing only two conditions upon particle behaviour. The first new condition set a higher probability for particles to enter protein islands (0.9992) than the probability associated with exiting protein islands (0.0008). Furthermore, particles traverse the protein-free regions with a 'fast' diffusion coefficient (0.09 mm 2 /s), whereas they diffuse within protein islands with a 'slow' diffusion coefficient (0.03 mm 2 /s). These two diffusion rates are based upon the work of Kusumi and colleagues, using single particle tracking methods [30, 31] . The probability parameters were derived by comparing simulated cluster sizes (Fig. 4b) with those in experimental observations (Fig. 2b) , arriving a best fit. The Hopkins test for clustering in the simulated data set is shown in the inset to Fig. 4b , which compares well with the analysis of real images. The overall concept is illustrated in Fig. 4a , which shows coloured traces of individual particle movements over a simulation time course of 30 s. Details of the implementation and a movie of this simulation are available for download in the supplement.
Using this strategy, we compared the efficiency of dimer formation between unoccupied receptors in the randomly distributed and clustered topography. Under both conditions, we assumed P c equals to 0.984. We compared membrane densities of 200 000 receptors (320 particles in the simulation space) or 500 000 receptors (796 particles) per cell. Simulations were run for 3 min, a time sufficient for the system to reach steady state. The fraction of EGFR homodimers under each condition is plotted in Fig. 5a . Importantly, even at modest levels of receptors (200 000), clustering increases the rate of dimerisation by 12-fold from 0.63% to 7.5%. At 0.5 million receptors, the dimerisation rate rises from 2.26% to 8.79% for clustered receptors.
As a final step, we reconsidered the potential impact of membrane spatial organisation on the predictions derived from our earlier simulations, as shown in Fig. 3a . The simulations were re-run with the protein islands approach to arrive at a revised estimate of the probabilities that clustered EGFR flux between conformational states. Receptors have better probability to enter preferred domains, where they diffuse slightly slower. When outside of domains, particle diffusion is unconstrained b Particle distribution is clustered after diffusion is governed in silico by the domain approach. Inset shows that the simulated distribution passes the Hopkins test for non-randomness.
The upper limit of dimers was again maintained at an average of only 14%, with the same value of 4 million receptors/cell. When clustering is considered, the model predicts that each 'closed' EGFR has a slightly lower chance (1.3%) to become open (in this case, P c ¼ 0.987). We then used this new value to re-run the simulations, comparing the effects of clustering on dimer formation at steady state (Fig. 5b) . Because of the new value, all of the projections shift downwards but maintain the expected result that clustering increases the rate of dimerisation by 5 -6 fold within the ranges of 200 000-500 000 receptors per cell. Only at the highest receptor densities (4 million receptors), do the simulations predict a modest effect of clustering on the dimerisation rate of unoccupied receptors (from 9.5% to 14%). Thus, our model predicts that clustering exacerbates the densitydependent homodimerisation of unoccupied receptors and suggests that membrane spatial organisation is a contributor to the carcinogenesis process, particularly at moderate levels of receptor expression.
Considering the impact of receptor clustering and spatial segregation on dimerisation patterns of multiple ErbB family members
Many cancer cells express more than one ErbB receptor species. Recently, we used immunoelectron microscopy to evaluate the spatial distributions of EGFR, ErbB2 and ErbB3 in the SKBR3 breast cancer cell line [28] . Using double labelling protocols, we showed that resting SKBR3 cells exhibit marked spatial segregation for the ErbBs; these data are summarised in Table 1 . EGFR, ErbB2 and ErbB3 clusters are generally segregated, with only about 14% of EGFR co-clustered with ErbB2 and only about 1.3% ErbB2 are co-clustered with ErbB3. These estimates were based upon Markov random field simulations that account for underlabelling in the EM approach [42] . Even after SKBR3 cells were stimulated with EGF, only 30% of the images passed the Ripley's statistical test for co-clustering between EGFR and ErbB2.
The EM approach does not report dimerisation per se. However, the lack of co-localisation led us to question previous estimates of high heterodimerisation rates between ErbBs that were derived using ODEs applicable to wellmixed systems [37, 43] . For example, Hendriks et al. [43] predicted that, when EGFR and ErbB2 are expressed at ratios similar to that in SKBR3 cells, .80% of ligandbound EGFR should form heterodimers with ErbB2. This is not consistent with the low levels of co-clustering observed in Yang's experiments [28] .
We modified the protein island approach to explore the potential impact of partial spatial segregation upon homo and heterodimerisation rates. The model's membrane was populated with three distinct types of subdomains or protein islands based on the experimentally observed distributions. Each colour represents a subdomain that is preferable for EGFR, ErbB2 or ErbB3. The protein islands ranged in size from 60 to 240 nm 2 and individual subdomains were allowed to partially overlap (Supplemental Fig. 1b, Fig. 6a shows two types of subdomains). Receptors were assigned a higher probability to enter than to exit their preferred islands and slowed down within these islands. The receptors treat 'non-preferred protein islands' the same as the lipid-enriched, protein-free regions and traverse with the 'fast' diffusion coefficient. By adjusting the parameters and the overlap area between two types of protein islands, we can reproduce the levels of co-clustering that are observed in experiments (Fig. 6b, Table 1 ).
We ran two sets of simulations. In one set, simulations were populated with 318 EGFR, 3184 ErbB2 and 112 ErbB3 (equivalent to 200 000 EGFR, 2 million ErbB2 and 70 000 ErbB3 as in SKBR3 cells) and had saturating concentrations of both EGF and NRG. Reaction rate constants of receptor dimerising and ligand binding came from Shankaran's model [37] . Simulations were run with and without protein islands to compare dimerisation patterns when receptors have distinct topography preferences with that of random distribution. Fig. 7a shows that, when receptors are randomly distributed, �90% of EGFR occur in heterodimers. This result is consistent with ODE model predictions [43] . However, when we included membrane spatial organisation into the simulation, the percent of EGFR in heterodimers is dropped to 10% and majority of receptors form homodimers.
In the second set of simulations, conditions and reaction rates were set the same as those in Shankaran's model, with 200 000 molecules each of EGFR, ErbB2 and ErbB3 subjected to saturating concentrations of EGF and the ErbB3 ligand, NRG. It is important to note that this is an artificial situation, since ErbB3 is not known to be expressed at such high levels in nature and the homodimerisation capabilities of ErbB3 are unresolved [44 -46] . It is nevertheless useful to compare the results of spatial stochastic simulations, with and without receptor segregation mechanisms, with those of the well-mixed ODE model. Fig. 7b shows that simulations with randomly distributed receptors give similar results to Shankaran's ODE model, with more ErbB receptors heterodimers than homodimers. However, adding the membrane topography into the simulation significantly changes the outcome, with homodimers accounting for 70-75% of the total receptor numbers. Comparisons between Figs. 7a and 7b also show that varying receptor expression levels also changes receptor dimerisation patterns.
Discussion
The EGFR pathway has been an important system for development and application of numerical tools to model and simulate signal transduction [43, [47] [48] [49] [50] . Most previous models apply ODEs and partial differential equations (PDEs) to represent ligands, receptors and their signalling partners. These deterministic models have provided critical insight into ligand-dependent EGFR dimerisation, trafficking and signal propagation. PDEbased models have made significant first steps in evaluating spatial variations in molecular concentrations but cannot well describe cell surface heterogeneities, such as microdomains [36] or anomalous diffusion of surface receptors [31] . For these sorts of problems, stochastic approaches offer a higher level of accuracy in accounting for spatial non-randomness and can better reflect the behaviour of individual molecules at low concentration. Gillespie's algorithm was a major advance in the development of Figure 6 Two types Q2 of subdomains and the levels of co-clustering a Simulation of partial ErbB family segregation using the protein island approach Thirty second trajectories of three EGFR (black, blue, and red) and three ErbB2 (green, yellow and pink) are plotted. EGFR is constrained in its preferred regions (red) and transverses other (blue regions, white area) fast and freely. Similarly, ErbB2 is constrained in its preferred regions (blue) and passes non-preferred regions unconstrained b EGFR and ErbB2 are co-clustered at the areas where blue regions and red regions are overlapped stochastic models for biochemical reactions [38] . However, because the conventional Gillespie method cannot easily handle the reactions of multistate molecules typical of signalling cascades, there has been a continuing need for improved stochastic methods. When beginning this work, we considered several existing simulation platforms (MCell [51] , Stocksim [52] , Smoldyn [53] , green's function [54] ), but none of them could well describe our spatio-temporal model. For example, MCell was originally developed to generate highly detailed simulations of molecules diffusing within the extracellular spaces at neuromuscular junctions, but without the ability to simulate membrane molecule diffusion. We set out to create a versatile agent-based stochastic approach for modelling spatial aspects of signal initiation and propagation at the cell membrane. The result is the SPS platform, used here to model dimerisation by EGFR and other members of the ErbB family.
In our analysis of the EGFR system, we have studied the impact of spatial organisation on receptor activation. One of our main hypotheses is that receptor conformation, in addition to spatial organisation of the receptors, is important in carcinogenesis. Previous mathematical analyses have failed to explain a key feature of the EGFR system
Figure 7 Effect of spatial distribution and expression level of receptors on dimerisation rates
Simulation results compare levels of homo and heterodimerisation in response to saturating concentrations of both EGF and NRG, based upon random (black) or clustered (patterned) receptor distributions a Predicted dimer patterns in SKBR3 cells (�200 000 EGFR, 2 million ErbB2, 70 000 ErbB3) b Predicted dimer patterns in cells that express equal numbers of EGFR, ErbB2 and ErbB3 (200 000 each) (the concave-up Scatchard plot) based solely on EGFR conformation, suggesting that the relative fraction of receptors in the open conformational state is not strictly equivalent to the observed estimates of 2-5% of receptors in the high affinity state [26, 55] . However, it has also been shown that concave-up Scatchard plots can be achieved by adding an external factor [26] or heterogeneities in receptor density [56, 57] . Klein et al. [26] made several key assumptions that we also apply here: first, EGFR exists in either an autoinhibited (R) or extended state (Re) and the fraction of Re is low; second, Re and ReL (L denotes ligand) can form dimers, whereas R and RL cannot and third, binding of L to a receptor dimer is independent of whether the other EGF-binding site in the dimer is occupied. The novelty of our study is that we explicitly consider the possibility that unoccupied receptors might form transient dimers when collisions occur between two receptors whose extracellular domains transiently flux to the open conformation that exposes the dimerisation domain. We chose to model the data reported by Martin-Fernandez et al., who estimated that �14% of EGFRs are oligomerised in A431 cells under conditions that block ligand binding. We also validated the central hypothesis by detecting persistent EGFR phosphorylation in A431 cells after blocking autocrine stimulation by several different strategies. As shown in Fig. 3b , our model predicts that conformational fluxes should only result in significant levels of dimers at steady state in cells with high receptor densities. This can occur as a result of high overall expression levels (in the millions) or at modest levels of overexpression (several hundred thousand) when receptor clustering elevates local receptor density. In contrast, the model predicts that cells expressing 50 000 EGFRs/cell should have ,1% of EGFRs dimerised in the absence of ligand. Hela cells express EGFR at approximately this level [58] . Importantly, our model predictions are close to the published data of Uyemura, who arrived at the estimates of only 353 preformed dimers per Hela cell by fitting of experimental data [48] . We recognise that the provisional flux estimate provided here may require revision, as more reliable and improved methods are developed to measure both EGFR conformational flux and its relationship to dimerisation/dissociation rates in live cells. Our team is actively developing the use of monovalent imaging probes for these measurements and the SPS platform is readily adaptable for such analyses.
We also considered how the previously observed topographic distributions of three ErbB family members [28] might influence homo and heterodimerisation rates. Results predict high rates of homodimerisation (Fig. 7) and are considerably different from the outcomes of well-mixed models. This study demonstrates that agent-based, spatially realistic models offer new insight into the roles of membrane architecture on receptor behaviour. This novel approach to model the spatio-temporal aspects of signal transduction will be a powerful tool for studying growth factor signalling in the context of breast and other cancers.
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Probability of reaction in two dimensions
We are interested in p(�, Dtjr) which is the probability that in two dimensions, two particles that are r distance from each other become a complex after time step, Dt, given that they can react with reaction rate, k a , and their diffusion coefficients are D. For any well-mixed molecular system, average probability that a particular molecular pair will react in the next infinitesimal time interval, Dt, is computed by [38] c 1 Dt
( 1) where c 1 is a stochastic reaction constant and is related to the reaction rate constant, k a , as followed
where V is the volume of the spatially homogeneous chemical system of interest [38] .
It has been shown that, at constant temperature and pressure, three primary factors govern the rate at which a chemical reaction will occur; a diffusion coefficient, a frequency-of-collision factor and a chemical activationenergy factor (or, a reaction rate constant) [59, 60] . Therefore we introduce a distance factor into Gillespie's reaction probability (1) to account for cell surface heterogeneousity. The distance factor, DistFac(r), is a function of the distance between two particles which gives the probability of two particles coming into contact in two dimensions during time step, Dt, given that they were r distance apart initially. Thus, the probability that two particles react in two dimensions during a time step given that they start a distance r apart is Our model of ErbB receptors dimerisation can be shown to be diffusion-controlled by the notion of the encounter complex [61] . In this approach, the reaction is conceptually separated into two steps involving collision of two molecules followed by the reaction itself. The reaction may be written as
where d þ and d 2 are the diffusional encounter rate and diffusional separation rate, and r þ and r 2 are the forward and reverse rate constants for the formation of complex C. Thus, the rate constant of product formation measured in kinetic experiments represents a composition of these two steps into an overall forward rate, k þ . The overall reverse rate, k 2 , can be determined assuming the A. . .B complex to be in steady state
where
where D A and D B are the diffusion coefficients of A and B and R AB is the sum of the radius of A and B. If r þ � d 2 , then k þ ffi d þ and in this case, the overall forward reaction rate is called diffusion-limited [61, 62] . In our model,
The parameter, k a , in (2) -(4) is a diffusion-limited reaction rate constant for a well-mixed system, which means particles can react with every particles in the system with a rate, k a . In our model, the diffusion coefficient is real and particles can only react with other particles that they can reach in a time step. Therefore the reaction-limited rate constant used in our model is approximated by multiplying the diffusionlimited rate constant, k a , by a factor. The factor is derived by matching the well-mixed chemical system to our agentbased spatially heterogeneous model and is approximated to be 600 for our model of ErbB receptors dimerisation. www.ietdl.org Equation (4) is thus re-written as
n ¼ 1, if the reactant molecules are not identical n ¼ 2, if the reaction has two identical reactant molecules (8)
To derive the distance factor term, we ran stochastic simulations by SPS to model the probability of collision of two particles during time step, Dt, given that they start a distance r apart. In the simulation, two sphere-like particles whose diameter is 10 nm are placed in a plane at a distance r apart initially. One particle is set to be stationary, whereas the other one undergoes Brownian motion in two dimensions with D ¼ 0.09 mm 2 /s. The value of r is ranged from 10 to 20 nm. The time step is set to be 5 ns, and the simulation is 25 ms long. For a given r, the simulation was run for 100 times. If out of 100 simulations, there are p instances where the two particles collide, then the probability of two particles collide within 25 ms given that they start a distance r apart is p/100. We also ran another set of simulations with the same settings as described above except that the freely diffusing particle diffuses at D ¼ 10 mm 
where r is the distance between the two particles, D is the diffusion coefficient, a is the particle's diameter, Dt is the time step, i, j and k are different numbers from the set f1, 2, 3g
and theg i 's are the roots of the cubic equation
where k a is the association rate constant and k d is the dissociation rate constant, neither of which plays a role in DistFac(r) after normalisation in (10). By combining (8) - (14), we can obtain the probability of reaction in two dimensions while considering the spatial heterogeneity of molecules in the cell membrane.
CBM algorithm
We developed an algorithm (CBM algorithm) that adopts the equations for computing the probabilities of reactions [(8) - (14)] modified from both the Gillespie's and P&A equations. To account for collisions between diffusing, sphere-like particles in Brownian motion, in our algorithm, the displacement of particles with or without bio-reactions is governed by CBM. We first consider unconstrained Brownian motion as a random walk
where Dt is a fixed time step and S x and S y are IID (independent and identically distributed) normally Figure 8 Distance factor term derived from data fitting to stochastic simulation of probability of molecular collision
Simulation results give probabilities of collisions as a function of the distance between two particles, one of which is stationary and the other one undergoes Brownian motion with D ¼ 0.09 mm 2 /s (circles) or 10 mm 2 /s (stars). We use (10) as our distance factor which is derived from fitting to the probabilities of collision and has been validated for D � 10 mm distributed random variables with probability distribution
In N dimensions, if the jumps of a random walk have a finite second moment, S 2 , then S is the root mean square step length and it satisfies
where D is the diffusion coefficient. Consequently, the length of the jumps are normally distributed with distribution N(0, 2NDDt). The mean square displacement after n jumps is given by
where t is the time elapsed after n steps (t ¼ nDt). Consequently, the positions of the walkers are normally distributed with probability distribution N(0, 2NDt). The results of 317 Brownian simulations were shown to be normal by the Shapiro-Wilk normality test ( p value ¼ 0.4352), confirming that the simulator is working correctly.
We use a CBM approach to account for molecular collisions between diffusing, sphere-like particles that are neglected in Brownian motion. In this approach, if the Brownian motion of one molecule will result in overlapping with its neighbouring particles at the next time step, then the Brownian motion is rejected and the molecule does not move in the current time step. This approach requires that the time step is small enough that molecular collisions can be approximated with little error.
For each time step, the algorithm selects each particle in the simulation randomly. The selected particle then selects one of its neighbouring binding partners for a potential reaction or diffuses with the CBM based on (24) . The flowchart of the algorithm is illustrated in Fig. 1 . Here, the neighbouring binding partners are the particles which are within 40 nm from the selected particle and can react with the selected particles. When all the particles in the simulation have been examined, the algorithm then proceeds to the next time step. If a particle does not have neighbouring binding partners at all, it always undergoes CBM directly. Otherwise, a random number, X, between 0 and 1 is used to select an event; in this case, a neighbouring binding partner for reaction or diffusing with CBM.
The typical reactions in the simulations in this work are binding, dissociation and dimerisation. The overall probability of dimerisation, P PA , was converted from the dimerisation rate constant by (8)- (14) . It is scaled to an intrinsic probability, P dimerisation , by (20) to account for double counting. Double counting is that assuming there are two receptors, o1 and o2, in the system, in the same time step, the CBM algorithm picks o1 and examines its dimerisation with o2 as well as picks o2 and examines its dimerisation with o1, so the dimerisation between o1 and o2 is double counted. P PA is the overall probability of dimerisation between o1 and o2, and the probability that o1 and o2 do not dimerise equals to (1 2 P PA ). P dimerisation is the intrinsic probability of o1 dimerising with o2. It is also the intrinsic probability of o2 dimerising with o1. Thus, the probability that neither o1 dimerises with o2 nor o2 dimerises with o1 equals to (1 2 P dimerisation ) � (1 2 P dimerisation ). Therefore we can obtain the following equation of P PA and P dimerisation
which can be re-written as
The probability of dissociation is computed by
where k d is the dissociation rate constant and Dt is the time step. The probability of ligand binding is computed by
where k f is the ligand-binding rate constant and [L] is the concentration of the ligand, which is assumed to be constant in our model.
The underlying idea of the CBM algorithm can be interpreted as follows: assume a particle has m neighbours, n of which are its binding partners (i.e. m � n � 0), and the probabilities of the reactions between the particle and these binding partners are P 1 , P 2 . . . and P n , respectively. The particle (which could be a complex) also has probabilities to bind ligands or partners (P binding ) or to dissociate (P dissociation ). Thus, the probability of no reaction occurring equals to
The probabilities of reactions are then scaled by (1 � P NR ) � 1=(P dissociation þ P binding þ P n i¼1 P i ), denoted as S. S is defined such that the sum of all probabilities of reactions scaled by S equals to (12 P NR ), which is the probability of one reaction occurring. A random number, X, between 0 and 1 is generated to select a reaction, or if no reaction occurs, the particle undergoes CBM. This concept can be described by the following algorithm 0 � X , P dissociation � S, Dissociate P dissociation � S � X , (P dissociation þ P binding ) � S, Bind ligand (P dissociation þ P binding ) � S � X , (P dissociation þ P binding þ P 1 ) � S, Select neighbour 1
Select neighbour, k 1 � P NR � X , 1, No bio-reaction. Particle undergoes CBM
The CBM algorithm was validated by comparison with ODE solution (Fig. 9 ). The ODE model of receptor dimerisation and dissociation is based on 0 are the time derivatives of the concentrations of the monomers, ligands and ligand-bound receptors, respectively. To compare results of simulations using the stochastic modelling and the deterministic modelling, the diffusion coefficient of particles needs to be set very high (10 mm 2 /s, 100 � normal). As shown in Fig. 9 , results derived from ODE model and the fast stochastic model match well.
Modularised design of SPS
The modularised design and rule-based modelling of SPS makes it flexible for model development and deployment. Important features include the function tables that store all the bio-reactions and physical movement that individual particles can perform. Agents representing different types of molecules are associated with assigned diffusion and reaction functions; this design provides the flexibility to simulate molecules with a broad range of interactions in signalling pathways. In the current study, there are four functions -Move2D, Dimerise, Bind and Dissociatebuilt into the table. For our future simulations of interactions of receptors and intracellular signalling molecules, functions such as phosphorylate and Dock will be added into the table. An illustration of the function Figure 9 Validation by ODE solution a Modelling of receptor dimerisation by the CBM algorithm (dashed line, average of ten simulations at 100x normal diffusion rate) against the ODE solution (solid line). Results show that the two approaches arrive similar numbers of monomers (black) and dimers (grey) b Modelling of ligand binding to EGFR monomers by the CBM algorithm (dashed line, average of ten simulations at 100x normal diffusion rate) against the ODE solution (solid line). The two approaches give similar values
